In this paper we consider the noncanonical Hamiltonian dynamics of a gyrostat in the three-body problem. By means of geometric mechanics methods, we study the approximate Poisson dynamics that arise when we develop the potential of the system in Legendre series and truncate this to an arbitrary order . After reduction of the dynamics by means of the two symmetries of the system, we consider the existence and number of equilibria which we denominate of Lagrangian type, in analogy with classic results on the topic. Necessary and sufficient conditions are established for their existence in an approximate dynamics of order , and explicit expressions for these equilibria are given, this being useful for the subsequent study of their stability. The number of Lagrangian equilibria is thoroughly studied in approximate dynamics of orders zero and one. The main result of this work indicates that the number of Lagrangian equilibria in an approximate dynamics of order for ≥ 1 is independent of the order of truncation of the potential, if the gyrostat S 0 is almost spherical. In relation to the stability of these equilibria, necessary and sufficient conditions are given for linear stability of Lagrangian equilibria when the gyrostat is almost spherical. In this way, we generalize the classical results on equilibria of the three-body problem and many results provided by other authors using more classical techniques for the case of rigid bodies. 45.20.dc, 45.20.Jj, 45.50.Pk, 47.10.Df
Introduction
The roto-translational motion of bodies under forces and torques derived from a Newtonian force field is a major topic of research in celestial mechanics. This is one of the main reasons for which, in recent years, many papers on the problem of roto-translational motion of celestial bodies have appeared (see Tsogas et al. [1] , Kalvouridis and * E-mail: juanantonio.vera@educarm.es Tsogas [2] and Mavraganis and Kalvouridis [3] for details on this topic). However, if a rigid, solid model, instead of the point-mass model, is used to represent celestial bodies, the possibility of internal or relative motions in the celestial bodies will not be considered. This hypothesis is not appropriate in many cases, as shown by Volterra [4] , studying the variation of latitude on the Earth's surface.
In this context, let us review the definition of a gyrostat: a mechanical system S, composed of a rigid body S , and other bodies S (deformable or rigid) connected to it in such a way that their relative motion with respect to its rigid part does not change the distribution of mass of the total system S, (see Leimanis [5] , Cochran et al. [6] and Elipe et al. [7, 8] for more details about the gyrostat in free motion). Examples of such systems are bodies that represent mobile internal cavities (for example, fluids), or bodies with coupled symmetrical rotors that can be activated by remote control.
Notable studies in this regard include Wang, et al. [9] , concerning the problem of a rigid body in a central Newtonian field; El-Gohary [10] , regarding the problem of a gyrostat in a Newtonian force field; and Maciejewski [11] , examining the problem of two rigid bodies in mutual Newtonian attraction. These papers have been generalized to the case of a gyrostat by Mondéjar, et al. [12] to the case of two gyrostats in mutual Newtonian attraction.
For the problem of three rigid bodies, Vidiakin [13] , Duboshine [14] and Sharma [15] proved the existence of Euler and Lagrange configurations of equilibria when the bodies possess symmetries; Zhuravlev, et al. [16] reviewed the results up to 1990.
In Vera [17] and a series of recent papers of Vera and Vigueras [9, 10] , we studied the noncanonical Hamiltonian dynamics of + 1 bodies in Newtonian attraction, where of them are rigid bodies with spherical distribution of mass or material points while the other one is a triaxial gyrostat. Using the symmetries of the system, we made two reductions, at each step giving the Poisson structure of the reduced space. Then we formulated the equations of motion, the Casimir function of the system, and the equations that determine the relative equilibria and global conditions for the existence of these equilibria. The abovementioned work reflects new interest in the study of the dynamics and configurations of relative equilibria, whether by methods of differential geometry or by more classical methods.
Concerning the results presented in this work, we take = 2 and as an initial approach to the qualitative study of this system, we describe the approximate dynamics arising in a natural way when we take the Legendre development of the potential function and truncate it to an arbitrary order. We give global conditions for the existence of relative equilibria and, by analogy with classic results on the topic, we study the existence of relative equilibria that we will term Lagrangian type when S 1 , S 2 are spherical or punctual bodies, and S 0 is a gyrostat. Necessary and sufficient conditions for their existence in a approximate dynamics of order are established and we give explicit expressions for these equilibria, useful for further studies on their stability. A complete study of the number of Lagrangian equilibria is made in approximate dynamics of order zero and one. Moreover, the number of Lagrangian equilibria in an approximate dynamics of order for > 1 is independent of the order of truncation of the potential when the gyrostat S 0 is almost spherical. A complete study is also made of the linear stability of these equilibria when the gyrostat is almost spherical. The analysis is performed in vectorial form, avoiding the use of canonical variables and the tedious expressions associated with them. The paper is organized in seven sections, an appendix, and the bibliography. In these sections, we study the noncanonical Hamiltonian dynamics of a gyrostat in Newtonian interaction with two spherical rigid bodies. To do so, we use the equations of motion, the Casimir function and integrals of the system, the relative equilibria and the existence of Lagrangian equilibria in an approximate dynamics of order and particularly the study of the bifurcations of Lagrangian equilibria in an approximate dynamics of order zero and one.
Noncanonical Hamiltonian dynamics of a gyrostat in Newtonian interaction with two spherical rigid bodies
Following the line of Vera and Vigueras [18] , let S 0 be a gyrostat of mass 0 ; let S 1 , S 2 be two rigid bodies with spherical symmetry (or punctual bodies) of masses 1 , 2 respectively; let I = {O u 1 u 2 u 3 } be an inertial reference frame; let J = {C 0 b 1 b 2 b 3 } be a body frame fixed at the center of mass C 0 of S 0 ; and let R be the vector positions of the centers of mass of S in I Then, a particle of S 0 with coordinates Q in J is represented in the inertial frame I by the vector
where B ∈ SO(3). The configuration space of the problem is the Lie group
with SE(3) being the known semidirect product of SO(3) and R 3 , with elements ((B R 0 ) R 1 R 2 ) Let v denote the image of the vector v ∈ R 3 by the standard isomorphism among the Lie Algebras R 3 and so(3), i.e. The kinetic energy of the system can be written as
The previous expression of the kinetic energy simplifies, as in Cid and Vigueras [19] , to
where I = (A B C ) is the tensor of inertia of S 0 in the body frame, Ω is the angular velocity of S 0 defined by B = B Ω; and l and are the gyrostatic momentum vector and the relative kinetic energy of S 0 , respectively, originating in the relative motion of the mobile part of the gyrostat with respect to its rigid part. In what follows, we assume that is a known function of the time and l is constant (particularly if l = 0, the problem is reduced to that of a triaxial rigid body in Newtonian attraction with spherical rigid or punctual bodies). The gravitational potential energy is the function :
By left trivialization, we identify the tangent bundle TG with G × Q, where Q is the Lie algebra of the Lie group G. Thus, the Lagrangian of the problem : TG → R is given as follows:
where τ : TG → G is the canonical projection. The phase space is T * G; by left trivialization the cotangent bundle T * G is identified with G×G * and its elements can be written as
where Π = IΩ+l is the total angular momentum vector of the gyrostat in the body frame J, P = R ( = 0 1 2) are the linear momenta of the bodies in the fixed frame I, and T * G carries a canonical symplectic structure ω
In association with the symplectic structure on T * G given by ω, we have a Poisson structure where the Poisson bracket takes the form (4) with · · : T * SO(3)×T SO(3) → R given by the following
By means of the Legendre transformation, we determine the Hamiltonian of the problem :
Symmetries and reduction
Using the semidirect product reduction (see Marsden, et al. [21, 22] ), we can reduce the problem by the action of the group SE(3). In this case, we can proceed by stages. In the first stage we will proceed with a symplectic reduction due to the action of the translation group R 3 . In a second stage, we will proceed with a Poisson reduction due to the action of the rotation group SO(3).
Reduction by the translation group
We consider the action of the translation group R 3 on G
This action becomes a free and proper action on
and it has an associated momentum map
defined by the expression
If is a regular value of , then
is a symplectic manifold, with a symplectic form ω defined by means of the relation
where P :
the pull-back of ω by P and * ω is the pull-back of ω by . Next, we will describe a model for T * G by using Jacobi coordinates.
Definition 2.1.
Let R = R − R be the mutual vectors between S and S , and g 0 and g 1 the centers of mass of the systems {S
Also, let us define
and
We will use the term Jacobi coordinates or 'emphbarycentric coordinates for those given by the above relations.
Definition 2.2.
We apply the term reduced masses to those given by the formulas By virtue of the above considerations, the linear momentum can now be expressed in the form
When we consider the manifold
and the symplectic form defined by ω M = ω
is a symplectic diffeomorphism. The Poisson bracket { } M (m) associated with this symplectic form ω M is given by
and, using the diffeomorphism Ψ 1 , we have defined the following Hamiltonian I on M:
for which the explicit expression is given by the formula
where
the R being linear functions of the ρ
Reduction by the rotation group SO(3)
In the second stage, we carry out a Poisson reduction by the rotation group SO(3) and the result is a model for M/SO(3).
We consider the application
This application is a free and proper action of the group SO(3) on the manifold M. Hence Φ 2 induces a Poisson structure on M/SO(3), with Poisson brackets defined as
On the other hand, the Hamiltonian 
The twice-reduced Hamiltonian, II (z), verifies that
and adopts the following expression:
with potential function given by the formula
where the B R will be expressed as functions of λ and µ.
The simplified potential function is given by the formula
Equations of motion
We consider the Poisson manifold (M = M/SO(3) { }, II ) with brackets { } defined by means of the tensor (13) . The equations of motion are given by the following expression:
with ∇ u being the gradient of with respect to an arbitrary vector u.
Developing {z II (z)}, we get the following group of vectorial equations of motion:
We use z = (Π λ p λ µ p µ ) to denote a generic relative equilibrium of
Approximate Hamiltonian dynamics
To simplify the problem, we assume that the gyrostat S 0 is axisymmetric about the axis of inertia O of the body frame J and that the plane O is also a plane of symmetry. If the mutual distances are greater than the individual dimensions of the bodies, then we can develop the potential in a quickly convergent series. Under these hypotheses, certain relative equilibria can be studied in different approximate dynamics. Applying the Legendre development of the potential, we have
where A 0 = 0 A 2 = (C − A)/2 and A 2 are certain coefficients related to the geometry of the gyrostat (see Vera and Vigueras [18] for details). We use the term approximate potential of order , for the following expression: 
On the other hand, it is easy to verify that
and similarly, when the gyrostat is of revolution,
where π 3 is the third component of the rotational angular momentum of the gyrostat. The following property holds: Theorem 3.1.
In the approximate dynamics of order 0, |Π| 2 is an integral of motion. When the gyrostat is of revolution, π
3 is another integral of motion for all approximate dynamics.
Relative equilibria
The relative equilibria are those of the twice-reduced problem for which the Hamiltonian function was determined in Vera and Vigueras [18] for the case = 2. If we use z = (Π λ p λ µ p µ ) to denote a generic relative equilibrium of an approximate dynamics of order , then this verifies the equations
where (∇ λ ( ) ) and (∇ µ ( ) ) are the values of ∇ λ ( ) and ∇ µ ( ) at z Also by virtue of the relationships established in Vera and Vigueras [18] , we have the following result:
Lemma 4.1.
If z = (Π λ p λ µ p µ ) is a relative equilibrium of an approximate dynamics of order , the following relationships are true:
The two above identities will be used to set the necessary conditions for the existence of relative equilibria in these approximate dynamics. We will study certain relative equilibria in the approximate dynamics while assuming that the vectors Ω λ µ satisfy special geometric properties.
Definition 4.1.
We say that z is a Lagrangian relative equilibrium in an approximate dynamics of order if λ µ are not proportional and Ω is perpendicular to the plane generated by λ and µ .
From the equations of motion and the potential relations of the equilibrium, the following property is deduced:
Proposition 4.1.
In a Lagrangian relative equilibrium for any approximate dynamics of arbitrary order, there are no moments acting on the gyrostat.
Next, we set the necessary and sufficient conditions for the existence of Lagrangian relative equilibria.
Lagrangian relative equilibria

Necessary condition of existence
If z = (Π λ p λ µ p µ ) is a Lagrangian relative equilibrium, in an approximate dynamics of order , the following identities are true:
For the relative equilibria, from Eq. (A2) of Appendix A, we deduce
In conclusion, we have the following relations: 
has positive real solutions.
Sufficient condition of existence
If we fix Z and have X and Y to verify the system of equations
with respect to an appropriate reference system, we can find Lagrangian relative equilibria. If X = Y = Z is a solution of the above system, then the S ( = 0 1 2) form an isosceles triangle. If X = Y = Z then the S form a scalene triangle. In the following two propositions, the coordinates of the Lagrangian relative equilibria when S 0 , S 1 S 2 form an isosceles or scalene triangle are shown.
Proposition 5.3.
With respect to an appropriate reference system, we find that z = (Π λ p λ µ p µ ) given by With respect to an appropriate reference system, we see that z = (Π λ p λ µ p µ ) given by
and β 0 = 1 β = α 0 for ≥ 1 are scalene Lagrangian relative equilibria. The total angular momentum vector of the system is given by
Next we study Lagrangian relative equilibria in the approximate dynamics of order zero and one.
Lagrangian relative equilibria in an approximate dynamics of order zero
Thus, we easily deduce that X = Y = Z , i.e. S 0 , S 1 and S 2 form an equilateral triangle. Also, we get
On the other hand, one parametrization of these equilibria z = (Π λ p λ µ p µ ) is given by
This parametrization of the relative equilibria will be highly useful for studying the stability of these equilibria.
Lagrangian relative equilibria in an approximate dynamics of order one
For = 1, the Eqs. (21) are
with Z and β 1 being parameters. Let us proceed to studying the number of positive real roots of the polynomial
according to the values of the parameters Z and β 1 . According to Descartes' rule of signs, if β 1 ≥ 0, then this polynomial can only have one positive real root.
If β
1 < 0, then we can have two positive real roots, a real root (positive) or none. The discriminant of the polynomial, denoted by ( X ), is given by
Thus, if ( X ) < 0, the polynomial has two real roots; if ( ) = 0, it has a positive double root; and, if ( ) > 0, it has no positive root. The discriminant is zero when the following relation holds:
From the above results, we can make a complete study of the bifurcations of the equilibria in approximate dynamics of order 1.
Proposition 5.5. In the previous equilibria, using
it is easily seen that the gyrostat, when oblate, rotates around the main axis of inertia C more quickly than when prolate. On the other hand, to study the Lagrangian relative equilibria in an approximate dynamics of order , we should study the positive real solutions of the equation
If we know the number of positive roots in the approximate dynamics of order , we can determine the number of positive roots of the polynomial equation that arises in the approximate dynamics of order + 1. This study is thus reduced to calculating the number of positive roots of the equation
In general, for usual celestial bodies, β ≈ 0 for > 1 The number of Lagrangian equilibria in the approximate dynamics of order is the same as that of the approximate dynamics of order one. For certain if β is not close to zero, a particular analysis of the Eq. (23) should be made. 
Linear stability of the Lagrangian relative equilibria
The tangent flow of Eqs. (17) in the equilibrium z is δz = U(z )δz with δz = z − z and U(z ) the Jacobian matrix of (17) in z
Approximate dynamics of order zero
The characteristic polynomial of U(z ) has the following expression:
and Φ = (C − A)ω + A The minimum polynomial of U(z ) has the following expression:
Then the following results hold: The minimum polynomial of U(z ) has the zero 0 as a double root, and consequently the matrix U(z ) is not diagonalizable. Therefore the following result holds: Proposition 6.2.
The linear system δz = U(z )δz is unstable.
Approximate dynamics of order one
Similar results show that the characteristic polynomial in an approximate dynamics of order one takes on the following expression:
The coefficients of the characteristic polynomial will be expressed as a function of the parameters of our problem, i.e. the masses and the coefficient β 1 . We get the following result by employing the Sturm Theorem: Proposition 6.3.
The Lagrangian relative equilibria in approximate dynamics of order one will be spectrally stable (linearly stable) if the following conditions are satisfied: If z is an arbitrary relative equilibrium, the previous conditions are very highly complex expressions in the parameters of the problem, and can be studied only by means of numerical analysis. If S 0 is almost spherical, the coefficients of P, to first order in the parameter β 1 satisfy the following relationships: 
Conclusions and future work
Here, we examine the approximate dynamics of order of a gyrostat (or rigid body) in Newtonian interaction with two spherical or punctual rigid bodies. For approximate dynamics of order zero and one, a complete study of Lagrangian relative equilibria was made. The bifurcations of the Lagrangian relative equilibria were completely determined for an approximate dynamics of order one. Necessary and sufficient conditions were given for linear stability of Lagrangian relative equilibria approximate dynamics of order zero and one when the gyrostat S 0 is almost spherical.
The methods employed in this work can be used in similar problems. Numerous problems are open, and among them it is necessary to consider the study of the "inclined" relative equilibria, in which Ω forms an angle α = 0 and π/2 with the vector λ × µ . The study of the nonlinear stability of the relative equilibria attained here is the natural continuation of this work.
